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CONFORMAL HOLONOMY OF BI-INVARIANT METRICS
FELIPE LEITNER
Abstract. We discuss in this paper the conformal geometry of bi-invariant
metrics on compact semisimple Lie groups. For this purpose we develop a
conformal Cartan calculus adapted to this problem. In particular, we derive
an explicit formula for the holonomy algebra of the normal conformal Cartan
connection of a bi-invariant metric. As an example, we apply this calculus to
the group SO(4). Its conformal holonomy group is calculated to be SO(7).
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1. Introduction
In Riemannian geometry the concept of holonomy is a well studied problem.
The holonomy groups arise from affine connections on Riemannian manifolds. Most
famous is the holonomy theory of the Levi-Civita connection, which is the canonical
connection to a Riemannian metric. A list of possible holonomy groups in this case
was first established in [Ber55].
In conformal geometry, there exists no canonical affine connection. Any choice
of a torsion-free affine connection preserving the structure group (Weyl connection)
is an additional datum to the conformal structure on a manifold. However, taking
into consideration that conformal geometry should be understood as a ’second or-
der’ structure, it turns out and is a well-known fact that there exists a canonical
Cartan connection on the prolongated principal fibre bundle of second order, which
has a parabolic of the Mo¨bius group as structure group. This canonical connec-
tion solves Cartan’s equivalence problem for conformal geometry, which says that
two conformal structures are equivalent if and only if the canonical connections
coincide. The canonical connection on a conformal space takes in general values in
the Lie algebra so(1, n + 1) of the Mo¨bius group SO(1, n + 1). As in the case of
Riemannian geometry, the knowledge of the holonomy algebra and group defined to
this canonical conformal Cartan connection is a significant invariant of a space with
conformal structure. In particular, it describes invariant structures and solutions
of invariant differential operators on a conformal space.
The aim of this paper is to develop and apply a conformal Cartan calculus to
a very simple situation, namely the conformal geometry of bi-invariant metrics
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on compact semisimple Lie groups, in order to calculate the conformal holonomy
explicitly. We proceed as follows. In the next two paragraphs, we recall briefly the
basic concept of conformal Cartan geometry, in general, and the well-known notion
of bi-invariant metrics. In paragraph 4, we develop the conformal Cartan calculus
on bi-invariant metrics. In particular, we will describe the canonical connection
and its curvature on a semisimple group N by certain maps γnor and κ, which
live on the flat model (so(1, n + 1), p). Then we discuss properties of these maps
and derive an explicit formula for the holonomy algebra (paragraph 5). Finally, we
make explicit calculations for the bi-invariant metric on SO(4), in particular, we
derive the holonomy group.
It is the project of a forthcoming paper (cf. [Lei04b]) to investigate the confor-
mal holonomy in more general situations e.g. like invariant metrics on (reductive)
homogeneous Riemannian spaces. Even more generally, it is the idea to find explicit
formulas and calculations for the holonomy of homogeneous parabolic geometries
admitting a canonical Cartan connection (remember that conformal geometry is
an example for a |1|-graded parabolic geometry). With homogeneous space we do
not mean here a space with flat canonical connection, but a space with a par-
abolic geometry whose automorphism group acts transitively on the base space.
Beside conformal geometry, a further classical example for this approach would be
CR-geometry, which is a |2|-graded parabolic geometry.
2. Conformal Cartan geometry
We describe here briefly the conformal structure of a smooth manifold uniquely
determined by a normal Cartan connection on a second order principal fibre bundle
with parabolic structure group (cf. [Kob72], [CSS97]). We start with recalling the
flat homogeneous model of conformal geometry.
Let G = SO(1, n + 1) be the Lorentzian group, which acts on the (n + 2)-
dimensional Minkowski space R1,n+1 equipped with the scalar product
〈x, x〉1,n+1 = 2x0xn+1 +
n∑
i=1
x2i .
Its Lie algebra g = so(1, n+ 1) is |1|-graded by
g = m−1 ⊕ co(n)⊕m1 ,
where m−1 = Rn and m1 = Rn∗ are dual vector spaces via the Killing form on g.
The 0 -part p0 := co(n) of this grading decomposes to the semisimple part so(n)
and the center R, which is responsible for the conformal weight of a representation
of g. In matrix form, we have
 0 0 0m 0 0
0 −tm 0

 ∈ m−1 ,

 −a 0 00 A 0
0 0 a

 ∈ p0 ,

 0 l 00 0 −tl
0 0 0

 ∈ m1 .
The commutators are then given by
[ , ] : p0 × p0 → p0 , [(A, a), (A′, a′)] = (AA′ −A′A, 0)
[ , ] : p0 ×m−1 → m−1 , [(A, a),m] = Am+ am
[ , ] : m1 × p0 → m1 , [l, (A, a)] = lA+ al
[ , ] : m−1 ×m1 → p0 , [m, l] = (ml − t(ml), lm) ,
where (A, a), (A′, a′) ∈ so⊕ R, m ∈ Rn, l ∈ Rn∗. The subalgebra
p := co(n)⊕m1
is parabolic, i.e., it contains a maximal solvable subalgebra of so(1, n+ 1).
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Let P be the closed subgroup of G consisting of the matrices


 a−1 v b0 A r
0 0 a


∣∣∣∣∣ A ∈ SO(n), a ∈ Rr 0, v ∈ R
n∗,
r = −aAtv, b = −a2 〈tv, tv〉n

 .
The group P is the stabilizer of the point o = [1 : 0 : · · · : 0] in the projectivation
Pn+1(R) of the Minkowski space R
1,n+1 and the Lie algebra of P is the parabolic p.
The homogeneous space G/P is the n-dimensional Mo¨bius sphere Sn with standard
conformally flat structure, which is induced here from the scalar product on R1,n+1,
and G acts by conformal automorphisms on Sn. Furthermore, let P1 be the closed
subgroup of P given by the matrices


 1 v b0 In −tv
0 0 1

∣∣∣∣ v ∈ Rn∗, b = −12〈tv, tv〉

 .
This is the vector group expm1 with Lie algebra m1 and it is the kernel of the linear
isotropy representation of P acting on ToS
n (the point o can be thought of as the
point at infinity when conformally compactifying the Euclidean space Rn). Since
P1 is normal, the quotient P/P1 is a group itself, which is isomorphic to CO(n).
Any element p ∈ P can be represented in a unique way by a product p0 · exp l,
where p0 ∈ CO(n) and l ∈ m1.
The Maurer-Cartan form
ωG : TG→ g
is a Cartan connection on Sn with parabolic structure group P . The Maurer-Cartan
equation
dωG = −1
2
[ωG, ωG]
shows that the curvature of the Cartan connection ωG vanishes, i.e., ωG is a flat
connection.
We apply now the flat model (G,P ) to (conformally) curved spaces. Let (Mn, c)
be a smooth manifold of dimension n ≥ 3 with conformal structure c. The conformal
structure c is usually given as an equivalence class of metrics [g], which differ from
each other only by multiplication with a positive smooth function on M (scaling
function). The conformal structure c defines a first order reduction CO(M) of the
general linear frame bundle GL(M) to the structure group CO(n) in the usual
manner. On the other side, the conformal structure also induces a reduction P (M)
of the general linear frame bundle GL2(M) of second order to the structure group
P . It is
P (M)/P1 ∼= CO(M) .
Then the CO(n)-invariant lifts from CO(M) to P (M) are in 1-to-1 correspondence
with Weyl connections on (M, c), i.e., affine connections with structure group CO(n)
and without torsion.
The principal P -fibre bundle P (M) admits a canonical Cartan connection ωnor,
which, in particular, describes the embedding of P (M) into GL2(M), and therefore
determines the conformal structure c on M . The canonical connection is made
unique by imposing a normalisation condition. To say it in detail, the Cartan
connection
ωnor : TP (M)→ g
has the properties:
(1) ωnor(p) : TpP (M)→ g is an isomorphism for all p ∈ P (M), which is along
the fibre the tautological map, and
(2) R∗pωnor = Ad(p
−1)ωnor, where Rp denotes right translation by p on P (M).
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The curvature of ωnor is defined by
K := dωnor +
1
2
[ωnor, ωnor] ,
where
[ωnor, ωnor](X,Y ) := [ωnor(X), ωnor(Y )]− [ωnor(Y ), ωnor(X)]
for all X,Y ∈ TP (M). It holds R∗pK = Ad(p−1)K and K is in vertical direction
trivial, i.e., inserting a vertical vector on P (M) into K produces zero. Alternatively,
the curvature is uniquely determined by the function
κ = κ−1 ⊕ κ0 ⊕ κ1 : P (M)→ m∗−1 ⊗m∗−1 ⊗ g ,
which is defined by
κp(a, b) = Kp(ω
−1
nor(a), ω
−1
nor(b))
for all p ∈ P (M) and a, b ∈ m−1. The normalisation condition, which makes the
connection ωnor unique, is expressed by the curvature properties
(1) κ−1 = 0, i.e., the connection ωnor is torsion-free, and
(2) the trace-free condition trκ0 =
∑n
i=1 κ0(ei, a)(b)(e
∗
i ) = 0 for all a, b ∈ m−1.
Thereby, the ei’s denote the standard basis of m−1 ∼= Rn and the e∗i ’s are dual in
m1.
The canonical normal Cartan connection and its curvature can be described with
respect to a metric g in the conformal class c as follows. The metric g determines
a Weyl connection σg, i.e., an invariant lift from CO(M) to P (M). Then the pull-
back σ∗gω−1 of the (−1)-part of ωnor gives the soldering form on CO(M), which in
turn identifies (with respect to a base frame) the tangent space of M at a point
with m−1. The 0-part σ∗gω0 is the Levi-Civita connection form to g on CO(M)
and −σ∗gω1 is tensorial and projects to (M, g) as the Schouten tensor (’rho’-tensor),
which is defined by
L(X) =
1
n− 2
( scal
2(n− 1)X −Ric(X)
)
,
where Ric denotes the Ricci tensor and scal the scalar curvature to g on M . The
(harmonic) 0-part K0 of the curvature of ωnor corresponds to the Weyl tensor W
on (M, g), which is the trace-free part of the Riemannian curvature tensor R, and
can be expressed by
W := R − g ∗ L ,
where g ∗ L denotes a Kulkarni-Nomizu product. Finally, the negative −K1 of the
1-part of the curvature projects to the Cotton-York tensor C on (M, g), which is
given in terms of g by
C(X,Y ) := ∇gXL(Y )−∇gY L(X) .
3. Bi-invariant metrics
We recall here the notion of bi-invariant metrics on compact semisimple Lie
groups. They will be the matter of our investigation when we apply in the next
paragraph the Cartan calculus to their conformal classes.
Let N be a connected and compact semisimple Lie group of dimension n and let
n denote its Lie algebra. The Killing form
B(X,Y ) := tr adXadY
is Ad(N)-invariant and negative definite on n. In particular,
B(X, [Y, Z]) = B([X,Y ], Z) for all X,Y, Z ∈ n .
CONFORMAL HOLONOMY OF BI-INVARIANT METRICS 5
The negative −B of the Killing form defines through left translation with the group
multiplication an invariant metric gn on N . In fact, the metric gn is not only left-
invariant, but also right-invariant under the group multiplication and the metric gn
is called a bi-invariant metric on N (cf. [O’N83]). In the following, we will often
identify left-invariant vector fields on N with their generators in n,
X˜(n) :=
d
dt
|t=0n · exp tX 7→ X ∈ n .
For the Levi-Civita connection ∇ of gn, it holds
∇XY = 1
2
[X,Y ] for all X,Y ∈ n .
The Riemannian curvature tensor is then given by
RXY Z = −1
4
[[X,Y ], Z] for all X,Y, Z ∈ n
and the sectional curvature of a plane spanned by orthonormal elements X,Y in n
is
S(X,Y ) := −1
4
B([X,Y ], [X,Y ]) .
For the Ricci tensor we find
Ric|n = −1
4
B ,
i.e., Ric = 14gn and gn is an Einstein metric on N with positive scalar curvature
scal = n4 . The Schouten tensor is L = − 18(n−1)gn and the Cotton-York tensor C
vanishes identically, C ≡ 0. For the Weyl tensor, we obtain
W = R+
1
8(n− 1)gn ∗ gn .
4. Conformal Cartan geometry and bi-invariant metrics
At the end of the last paragraph we calculated already the content of the con-
formal curvature, the Weyl tensor and the Cotton-York tensor, in terms of the
bi-invariant metric on a compact semisimple group. However, we want to establish
here a conformal Cartan calculus for bi-invariant metrics. This will help us to get a
better understanding of the normal connection and its curvature. Though, our ap-
proach will always use a convenient trivialisation, which represents the bi-invariant
metric in the conformal class.
Let N be a connected and compact semisimple Lie group of dimension n with
Lie algebra n and bi-invariant metric gn. Then there is the conformal structure
cn = [gn] defined on the group N . Let
θ : (n,−B) ∼= (m−1, 〈 , 〉n)
be an isometry and (e1, . . . , en) the standard basis on m−1 ∼= Rn. The map θ
transfers the Lie bracket [ , ]n to m−1 through the expression
ρn,θ(a, b) := θ[θ
−1(a), θ−1(b)]n ,
where a, b ∈ m−1. (Likewise, we will also use the notation [ , ]n on m−1). Moreover,
the map θ induces the orthonormal frame{
Ei := θ
−1(ei)| i = 1, . . . , n
}
on n ∼= TeN . The corresponding left-invariant frame field gives rise to a global
trivialisation of the first order conformal frame bundle CO(N) on (N, c),
CO(N) ∼= N × CO(n){
E˜i(s)| i = 1, . . . , n
}
7→ (s, e)
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(in fact, it is a trivialisation of the orthonormal frame bundle of (N, gn)). We
denote by P (N) the second order conformal frame bundle with parabolic structure
group P , which is a subbundle of GL2(N). The bi-invariant metric gn induces an
invariant lift
σgn : CO(N)→ P (N)
and with the help of the E˜i’s also a trivialisation
ιθ,gn : P (N)
∼= N × P
of the parabolic frame bundle. The left translation Ls : N → N preserves for all
s ∈ N the bi-invariant metric, hence the conformal structure cn. The translation Ls
onN induces in a natural way transformations (also denoted by Ls) of the conformal
frame bundles CO(N) and P (N). As we have chosen here the trivialisation ιθ,gn ,
it holds
ιθ,gn ◦ Ls ◦ ι−1θ,gn : N × P → N × P .
(n, p) → (sn, p)
There exists a canonical Cartan connection on P (N) denoted by
ωnor : TP (N)→ g .
This connection is determined by its curvature properties, namely the curvature K
is torsion-free and satisfies the trace-free condition on the 0-part K0 (cf. paragraph
2). By definition, the connection ωnor is right-invariant along the fibres, i.e.,
R∗pωnor = Ad(p
−1)ωnor for all p ∈ P ,
and it is also left-invariant under the group multiplication on N , i.e.,
L∗sωnor = ωnor .
The latter fact is, because, the normal Cartan connection is uniquely determined
by the conformal structure and is therefore invariant under the conformal auto-
morphism group. These two facts, the right-invariance by multiplication with P
and the left-invariance with respect to N , imply that ωnor on P (N) is uniquely
determined by the (vector space) isomorphism induced from ωnor at a single point
xo of P (N). Using the trivialisation ιθ,gn from above, we can choose this point to
xo = (e, e) and then the isomorphism
ωnor(e, e) : n× p→ g
determines the canonical Cartan connection. Since the (−1)-part of ωnor corre-
sponds to the soldering form, it holds ω−1(e, e)(Ei) = ei. This leads us to the
definition of the map γnor (which depends on the choice of θ) through
γnor : m−1 → p ,
a 7→ pip ◦ ωnor(e, e) ◦ pin ◦ ω−1nor(e, e)(a)
where pip and pin denote the obvious projections (the latter with respect to our
trivialisation). This map decomposes to
γnor = γ0 + γ1
and it still contains the whole information of the canonical Cartan connection ωnor
on N , since it holds the relation
ωnor(Ei) = ei + γnor(ei) .
In fact, ωnor is recovered from γnor by the latter relation, application of the trivi-
alisation and translation from the left and right.
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The curvatureK inherits the left- and right-invariance properties from the canon-
ical connection ωnor and K is also determined by its values at the single point (e, e)
in P ×N . With respect to the trivialisation ιθ,gn , we find that
Ei(ωnor(Ej))(e, e) =
d
dt
|t=0ωnor(Ej)(exp tEi, e) = d
dt
|t=0L∗exp tEiωnor(Ej)(e, e)
=
d
dt
|t=0ωnor(Ej)(e, e) = 0
for all i, j = 1, . . . , n. This shows for the curvature the identity
K(Ei, Ej) = −ωnor(e, e)([Ei, Ej ]n) + [ei + γnor(ei), ej + γnor(ej)]g .
The curvature function κ of the canonical Cartan connection ωnor can then be
expressed by (recall that the curvature is vertically trivial)
κ(ei, ej) = −(id+ γnor) ◦ ρn,θ(ei, ej) + [ei + γnor(ei), ej + γnor(ej)]g .
Thereby, the (−1)-part of κ is given through
κ−1(ei, ej) = −ρn,θ(ei, ej) + [ei, γ0(ej)] + [γ0(ei), ej ] .
This expression vanishes, since ωnor has no torsion. We see that the Lie bracket of
n is given on m−1 by
ρn,θ(ei, ej) = −γ0(ej) · ei + γ0(ei) · ej . (1)
The 0-part of κ is
κ0(ei, ej) = −γ0 ◦ ρn,θ(ei, ej) + [ei, γ1(ej)] + [γ1(ei), ej] + [γ0(ei), γ0(ej)] .
This part satisfies the trace-free condition
n∑
i=1
γ0 ◦ ρn,θ(ei, a)(b)(e∗i ) =
{ ∑n
i=1[ei, γ1(a)](b)(e
∗
i ) + [γ1(ei), a](b)(e
∗
i )
+
∑n
i=1[γ0(ei), γ0(a)](b)(e
∗
i )
}
(2)
for all a, b ∈ m−1. The 1-part κ1 of the curvature is
κ1(ei, ej) = −γ1 ◦ ρn,θ(ei, ej) + [γ0(ei), γ1(ej)] + [γ1(ei), γ0(ej)]
for all i, j ∈ {1, . . . , n}.
The linear map γnor : m−1 → p is uniquely determined be the normalisation
conditions (1) and (2) with respect to ρn,θ (which depends on the choice of the frame
θ). (Otherwise, we would recover from another γ which shares these properties a
further normal connection, which is not possible.) So γnor depends only on the
choice of θ which induces the Lie bracket of n on m−1. We can introduce the
following formal notions.
Definition 1. Let (G,P ) be the flat homogeneous model (of conformal geometry)
and
ρ : m−1 ×m−1 → m−1
a skew-symmetric map, which satisfies the Jacobi identity and defines a Lie algebra
bracket (of compact type) on the (−1)-part m−1 of the grading of g.
(1) We call a linear map
γ = γ0 + γ1 : m−1 → p
(from the (−1)-part to the parabolic) a connection form on the model (G,P ).
(2) The curvature
κγ,ρ = κ−1 + κ0 + κ1 : m−1 ×m−1 → g
of the connection γ with respect to the Lie bracket ρ is defined as
κγ,ρ(a, b) = −(id+ γ) ◦ ρ(a, b) + [(id+ γ)(a), (id+ γ)(b)]g
for a, b ∈ m−1.
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(3) The connection γ is called torsion-free with respect to ρ if κ−1 = 0.
(4) The connection γ is called normal with respect to ρ if
κ−1 = 0 and tr κ0 = 0
(cf. equation (2)).
(5) There exists a unique normal connection with respect to the bracket ρ. We
denote it by γρ : m−1 → p (or γnor when the bracket is fixed on m−1) and
call it the canonical connection form of ρ to the model (G,P ).
As we can see from formula (1), the Lie bracket of n is determined on m−1 by
the 0-part γ0 of the normal connection γnor, since it has no torsion. In general, a
skew-symmetric map
γ0 : m−1 → p0
defines a Lie bracket on m−1 through
ργ0(a, b) = −γ0(b) · a+ γ0(a) · b for all a, b ∈ m−1
if and only if the following sum of even permutations satisfies the relation (Jacobi
identity) ∑
σ(i,j,k)
[γ0[ei, γ0(ej)] + γ0[γ0(ei), ej ]− [γ0(ei), γ0(ej)], ek] = 0 (3)
for all i, j, k ∈ {1, . . . , n}. The map γ0 can then be extended in an arbitrary manner
to a torsion-free connection form γ with respect to ργ0 just by adding any linear
1-part γ1. In such a situation, the curvature function to γ with respect to ργ0 is
given by
κγ(ei, ej) = −γ0([ei, γ0(ej)] + [γ0(ei), ej ]) + [ei, γ1(ej)] + [γ1(ei), ej ]
+[γ0(ei), γ0(ej)]
−γ1([ei, γ0(ej)] + [γ0(ei), ej ]) + [γ0(ei), γ1(ej)] + [γ1(ei), γ0(ej)] .
Of course, not every torsion-free map γ0 can be extended to the normal connection
γnor with respect to ργ0 . The condition on γ0 for being normally extendible is given
by the existence of a γ1 such that
n∑
i=1
([ei, γ1(a)] + [γ1(ei), a])(b)(e
∗
i ) =
{ ∑n
i=1γ0([ei, γ0(a)] + [γ0(ei), a])(b)(e
∗
i )
−∑ni=1[γ0(ei), γ0(a)](b)(e∗i ) (4)
for all a, b ∈ m−1.
Finally, in this paragraph, we want to give explicit expressions for the maps γ0
and γ1 of the normal connection form γnor and also for its curvature function κ
when n is a semisimple Lie algebra (of compact type). The map γ0 corresponds in
this case to the Levi-Civita connection of the bi-invariant metric gn and is given
with respect to a reference frame θ by
γ0(ei) = −θ ◦ ∇θ−1(·)Ei =
1
2
ρn,θ(ei, ·)
for all i = 1, . . . , n. Obviously, the so-defined map γ0, considered as a matrix in
p0 = co(n) with respect to the basis (e1, . . . , en), satisfies (1) (also (2)), i.e., γ0 is
torsion-free with respect to n (and θ). Then we calculate for the traces on the left
hand side in (4):∑n
i=1 γ0([ei, γ0(a)] + [γ0(ei), a])(b)(e
∗
i ) =
1
2Bn(a, b) ,∑n
i=1[γ0(ei), γ0(a)](b)(e
∗
i ) =
1
4Bn(a, b) .
We set λ = −18(n−1) and
γ1(a) = λa
∗
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for all a ∈ m−1. Calculation of the right hand side in (4) gives
n∑
i=1
([ei, γ1(ek)] + [γ1(ei), ek])(el)(e
∗
i ) = 2λ(n− 1)δkl
for all k, l ∈ {1, . . . , n}. Comparing both sides of (4) proves that the normal con-
nection form for n is determined to
γnor : m−1 → p .
a 7→ 12ρn,θ(a, ·)− 18(n−1)a∗
The curvature functions κ−1 and κ1 vanish identically, since there is no torsion and
the Cotton-York tensor C of gn is trivial. The 0-part κ0 is given by the Weyl tensor
W of gn. It is
κ(a, b) = κ0(a, b) = θ
∗W (θ−1(a), θ−1(b)) .
5. Canonical Cartan connection and holonomy
In this paragraph, we conduct a further discussion of the connection form γnor.
However, one should keep in mind that properties of γnor depend on the choice
of the trivialisation which comes from the bi-invariant metric, and therefore γnor
should be considered as a ’metric object’. Nevertheless, we will derive an explicit
formula for its holonomy algebra, which is then a ’purely’ conformal invariant.
Let
γnor = γ0 + γ1 : m−1 → p
be the normal connection to some semisimple Lie algebra n (of compact type) with
induced bracket
ρn = [ , ]n
on m−1 (and with respect to σgn and some θ). The first observation here is the
following. One can show that the image of m−1 under the 0-part γ0 of γnor is the
Lie subalgebra Der(n) in p0 consisting of all derivations of n ∼= m−1. Since n is
semisimple, the Lie algebra n itself is naturally isomorphic to Der(n) by
ad : n → Der(n) .
a → ada
However, we will see that the map γ0 : m−1 → p0 is not a Lie algebra isomorphism
with respect to ρn on m−1. In detail, we can verify these statements as follows.
Remember that the normal connection form to n is given by
γnor(a) =
1
2
ρn(a, ·)− 1
8(n− 1)a
∗ .
With this expression in mind, it is obvious that the Jacobi identity in n implies
γ0(x) · [a, b]n = [γ0(x) · a, b] + [a, γ0(x) · b]
for all x, a, b ∈ m−1, where the ’dot’ denotes matrix multiplication of p0 on m−1.
This shows that γ0(x) is a derivation on n ∼= (m−1, ρn) for all x ∈ m−1. Moreover,
the kernel of γ0 is trivial, since γ0(x) = 0 implies that x is in the center of ρn,
which itself is trivial for semisimple n. We can conclude that γ0 is a vector space
isomorphism onto Der(n) and, since Bn([a, b]n, b) = 0 for a, b ∈ n, every derivation
sits in the semisimple part so(n) of p0. In fact, the following statement is true.
Proposition 1. Let n be a semisimple Lie algebra (of compact type) and γnor = γn
the corresponding connection form on the model (g, p) (coming from (G,P )). Then
the 0-part γ0 of γnor is with respect to n the only torsion-free map, which sends
m−1 to the derivations Der(n) sitting in p0.
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Proof. As we have seen, the map γ0 of γnor admits the stated properties.
We have to show that any other linear map Q apart from γ0 sending m−1 to the
derivations Der(n) has torsion. This can be seen as follows. Since Q is linear and
γ0 onto Der(n), we can write γ0 −Q = γ0 ◦A for some homomorphism A on m−1.
The map Q has no torsion if and only if
−γ0 ◦A(ej)ei + γ0 ◦A(ei)ej = 0 for all i, j .
Since γ0 ◦A(a) ∈ so(n) for all a ∈ m−1, we find in the torsion-free case the relation
γ0 ◦A(a)a = 0 for all a ∈ m−1. But this also implies
γ0 ◦A(ej)ei + γ0 ◦A(ei)ej = 0 for all i, j ∈ 1, . . . , n ,
which is only possible if A = 0, i.e., Q = γ0. 
Proposition 1 is a characterisation of the Levi-Civita connection to the bi-
invariant metric. The stated criteria replace conditions (3) and (4) for a map
γ0 to be the 0-part of the normal connection γnor for some semisimple n.
The 0-part κ0 of the curvature function to γnor of n satisfies the relation
κ0(a, b)− ([a, γ1(b)] + [γ1(a), b]) = −γ0 ◦ ρn(a, b) + [γ0(a), γ0(b)] .
The expression on the left hand side of this equation is the Riemannian curvature
tensor R|n for the bi-invariant metric gn in the conformal class cn. Obviously, it
measures the deviation of γ0 from being a Lie algebra isomorphism onto Der(n)
sitting in p0. Since the Riemannian curvature tensor of a semisimple Lie algebra
is not zero, we can conclude that γ0 is never a Lie algebra isomorphism. We state
the following summary about the meaning of the curvature function κγ,n of an
(arbitrary) connection form γ : m−1 → p with respect to some semisimple Lie
algebra n:
(1) The (−1)-part κ−1 of κγ,n measures the deviation of the expression
−γ0(b)a+ γ0(a)b , a, b ∈ m−1
from being a defining map for the Lie bracket of n induced on m−1.
(2) The 0-part κ0 is the deviation of the map γ0 from being a Lie algebra
homomorphism onto Der(n) up to an expression depending on γ1.
(3) The 1-part κ1 measures the deviation of the dual map
γ∗1 : m−1 → m−1
to γ1 from being a derivation on m−1 ∼= n.
(4) In case that γ = γn is the normal connection to n there is no torsion and γ1
is a derivation on m−1. The part γ0 always differs from a homomorphism
ontoDer(n). The connection γnor is flat, i.e., κ = 0, if and only if n ∼= su(2).
We come now to the second part of this paragraph concerning the holonomy of
the canonical Cartan connection. Recall that the conformal automorphism group
of a compact Riemannian space is always an isometry group with respect to some
metric in the conformal class except in the case when the compact space is the
sphere Sn with canonical conformally flat structure (Mo¨bius sphere). In particular,
the conformal automorphism group of a compact semisimple Lie group with bi-
invariant metric consists entirely of the right and left translations with respect to
the group multiplication except for the case when N = SU(2). However, the normal
Cartan connection on a conformal space gives rise to another conformal invariant,
which can be thought of as an expression for conformal symmetry on a space (and
yet seems not to be naturally related to a particular metric in the conformal class),
namely the holonomy group Hol(ωnor) of the canonical connetion ωnor. To define
this holonomy group, we use the natural extension of the normal Cartan connection
CONFORMAL HOLONOMY OF BI-INVARIANT METRICS 11
ωnor on the parabolic frame bundle P (M) over a spaceM with conformal structure
c to a usual principal fibre bundle connection ω˜nor on the extended bundle
G(M) = P (M)×P G
with structure group G = SO(1, n+ 1).
Definition 2. Let (M, c) be a space with conformal structure. The holonomy group
Hol(ωnor) of the canonical Cartan connection ωnor is defined to be the holonomy
group of the naturally extended principal fibre bundle connection ω˜nor on G(M),
whose group elements arise in the usual way by parallel translation of a fibre in
G(M) along closed curves on M . The Lie algebra of Hol(ωnor) is denoted by
hol(ωnor).
We remark that there is a direct way to define the holonomy group of a Cartan
connection without using the extended bundle. However, this approach results
in general to the same group as in our definition (cf. [Sha97]). Note also that
the holonomy group Hol(ωnor) is always a closed subgroup of the Mo¨buis group
G = SO(1, n+1). We want to derive here a formula, which can be used for explicit
calculations of the conformal holonomy on Lie groups with bi-invariant metric.
Let N be a connected and compact semisimple Lie group. Let n denote its Lie
algebra with bi-invariant Riemannian metric gn. The canonical Cartan connection
ωnor induces in a natural manner (with respect to the trivialisation coming from
gn) the map
γnor : m−1 ∼= n→ p ,
which possesses all the informations of ωnor and, in fact, can be used to recover the
canonical Cartan connection on P (N). We denote by
Λ(m−1) := span{(id+ γnor)(a)| a ∈ m−1} ⊂ g
the images of the normal connection and by
q := span{κn(a, b)| a, b ∈ m−1} ⊂ p
the vector space of curvature values to the connection γnor. There is a classical for-
mula for the holonomy algebra of an invariant connection on a homogeneous space
with arbitrary structure group G (cf. [KN63]). We use this result to derive here
easily the following formula for the conformal holonomy algebra of a bi-invariant
metric.
Theorem 1. (cf. [KN63]) Let N be a connected and compact semisimple Lie group
with conformal structure [gn]. Then the holonomy algebra of the normal Cartan
connection ωnor on (N, [gn]) is given by the expression
hol(ωnor) := q+ [Λ(n), q] + [Λ(n), [Λ(n), q]] + · · · ,
which is a subalgebra of g = so(1, n+ 1). The reduced holonomy group Holo(ωnor)
is the connected subgroup of the identity component SOo(1, n + 1) belonging to
hol(ωnor).
Usually, we do all our calculations with respect to the bi-invariant metric gn.
According to this, we want to present the above formula for the conformal holonomy
algebra in a more ’suggestive’ form. Let us denote
LC := span{γ0(a)| a ∈ m−1} ⊂ p0 .
This space is the span of the values in so(n) generated by the Levi-Civita connection
of gn and is isomorphic as Lie algebra to the derivations Der(n). Then it is
Λ(m−1) = span{γ−10 (l) + l + γ1 ◦ γ−10 (l)| l ∈ LC} .
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In short, we use the notation Λ(m−1) = γ−1nor(LC). This space is isomorphic to LC
as vector space, but it is not a subalgebra in g. Moreover, we set W := q, which
just shall remember to the fact that q is generated from the values of the Weyl
tensor W of gn. Then our formula for the holonomy algebra takes the form
hol(ωnor) = W+ [γ
−1
nor(LC),W] + [γ
−1
nor(LC), [γ
−1
nor(LC),W]] + · · · .
To compare, the holonomy algebra of the Levi-Civita connection of the bi-invariant
metric gn is given by
hol(gn) = R+ [LC,R] + [LC, [LC,R]] + · · · ,
where R denotes the space of images of the Riemannian curvature tensor to gn.
6. Examples
We want to make some explicit use of the developed calculus for conformal
geometry on bi-invariant metrics.
Example 1. Let N = SO(3) be the special orthogonal group in dimension 3,
which is a 3-dimensional compact and semisimple Lie group. Let so(3) denote its
Lie algebra. We use for so(3) the standard basis {Eij | 1 ≤ i < j ≤ 3}, were the
Eij ’s are defined by matrix operations as
Eij := ei · tej − ej · tei
with respect to the standard basis (e1, e2, e3) of R
3.
The Lie algebra so(3) is isomorphic to su(2) and the universal covering of the
group SO(3) is
S3 = Spin(3) ∼= SU(2) .
The bi-invariant metric on SO(3) is conformally flat, since the Weyl tensor W
vanishes in dimension 3 in general, and C vanishes for any bi-invariant metric. Of
course, this is also clear from the fact that the bi-invariant metric on the universal
covering group SU(2) is the standard metric on S3. For that reason, the calculations
of conformal curvature and holonomy should produce trivial results here. The
connection form γnor = γ0 + γ1 can be presented in the following form.
The chosen basis {Eij} in so(3) is orthogonal and −B(Eij , Eij) = 2 for all its
elements. We set the frame
θ(
1√
2
E12) = e1, θ(
1√
2
E13) = e2, θ(
1√
2
E23) = e3 .
Then we find
γ0(e1) = − 1√2∇E12 =
1
2
√
2
[E12, ·] = 12√2E23 ,
γ0(e2) = − 1√2∇E13 = 12√2 [E13, ·] = − 12√2E13 ,
γ0(e3) = − 1√2∇E23 =
1
2
√
2
[E23, ·] = 12√2E12 .
For γ1 we have
γ1(ei) = − 1
16
e∗i i = 1, 2, 3 .
These identities express the normal Cartan connection on SO(3) in the trivialisation
of the bi-invariant metric. In fact, one can see from this γnor that the curvature κ0
vanishes identically. In particular, the conformal holonomy group is trivial, which
results from the formula in Theorem 1 with q = 0.
To complete the discussion, we state that the conformal automorphism group of
the covering space SU(2) is the Mo¨bius group SO(1, 4). However, the conformal
automorphism group of SO(3) consists only of the isometry group
SO(4)/Z2 = SO(3)× SO(3)
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of the bi-invariant metric.
Example 2. We apply the conformal Cartan calculus now to the 6-dimensional
compact and semisimple Lie group SO(4) with bi-invariant metric induced by the
Killing form B. The conformal automorphism group of SO(4) consists entirely of
the isometries, which are the left and right translations, i.e. SO(4) × SO(4). The
Lie algebra so(4) is isomorphic to
so(3)⊕ so(3)
and as its basis we use two copies of the basis {Eij} of so(3), namely
{Eij , Ekl| 1 ≤ i < j ≤ 3 and 4 ≤ k < l ≤ 6} .
This basis is orthogonal with −B(Eij , Eij) = 2 and it provides an embedding of
so(4) into so(6).
The bi-invariant metric gso(4) induced by the Killing form on SO(4) is Einstein
with positive scalar curvature. Obviously, it has non-constant sectional curvature
S (cf. paragraph 3). Hence, it is not conformally flat. For that reason, we expect
in our calculation non-trivial curvature and holonomy for the conformal structure
cso(4) on SO(4).
First, we calculate the normal connection form γnor = γ0+γ1. We use the frame
θ(
1√
2
E12) = e1, θ(
1√
2
E13) = e2, θ(
1√
2
E23) = e3 ,
θ(
1√
2
E45) = e4, θ(
1√
2
E46) = e5, θ(
1√
2
E56) = e6 .
From the calculations for the case of so(3) we get
γ0(e1) =
1
2
√
2
E23, γ0(e2) = − 12√2E13, γ0(e3) = 12√2E12,
γ0(e4) = − 12√2E56, γ0(e5) = −
1
2
√
2
E46, γ0(e6) =
1
2
√
2
E45 .
The 1-part γ1 is given by
γ1(ei) = − 1
40
e∗i i = 1, . . . , 6 .
The (−1)-part κ−1 of the curvature vanishes, since γnor is torsion-free. The 1-
part κ1 also vanishes, since the Cotton-York tensor C of gso(4) is zero. The 0-part
κ0 consists of the Weyl tensor W . As next we have to calculate the images of κ0,
which will give us the space q. It is
W = R+
1
8(n− 1)gn ∗ gn .
For the Kulkarni-Nomizu product in this sum it is easy to see that
θ∗(B ∗B)(θ−1(ei), θ−1(ej)) = 1
20
Eij for all i, j = 1, . . . , 6 .
For the Riemannian curvature tensor we find
θ∗Rn(θ
−1(ei), θ
−1(ej)) = −1
8
Eij
for all i, j ∈ {1, . . . 3} and i, j ∈ {4, . . . 6}. The remaining curvature expressions for
Rn are zero. This shows that the span of the 0-part κ0 of the Cartan curvature is
equal to so(6), which is the semisimple part of p0 in the Mo¨bius algebra so(1, 7).
Hence, we get for the span of the curvature values
q = so(6) ⊂ p0 .
Obviously, the span of the normal connection id+ γnor is given by
Λ(m−1) = {ei + γ0(ei)− 1
40
e∗i | i = 1, . . . , 6} .
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Then it is a straightforward calculation to see that the space [Λ(m−1), q] of com-
mutators is equal to
span{ei − 1
40
e∗i | i = 1, . . . , 6} ⊕ so(6) .
We denote
l := span{x+ γ1(x)| x ∈ m−1} .
The space l is stable under the action of so(6) sitting in p0. This shows that all the
spaces
[Λ(m−1), · · · , [Λ(m−1), q] · · · ]
of commutators are equal to l⊕q, which is seen to be isomorphic to the Lie algebra
so(7) embedded into so(1, 7). We conclude for the holonomy algebra that
hol(ωnor) = l⊕ q ∼= so(7) .
The holonomy group of ωnor on SO(4) is then given by
Hol(ωnor) = SO(7).
This result has the following interpretation. The bi-invariant metric gn in the
conformal class cn on N = SO(4) is Einstein. It is well known in general that
the conformal Einstein condition implies that the holonomy group Hol(ωnor) of
the normal Cartan connection stabilises a standard ’tractor’, that is a vector in
the standard representation R1,7 of the Mo¨bius group SO(1, 7) (cf. e.g. [Lei04a]).
In case that the scalar curvature of the Einstein metric is positive, this vector is
timelike, which explains that for our case the holonomy group Hol(ωnor) of SO(4)
is automatically reduced to SO(7). Our calculation then shows that the holonomy
is not further reduced and we can say that SO(4) has generic conformal holonomy
up to the fact that it is (conformally) Einstein. In particular, we can read off from
the holonomy result that SO(4) does not admit any conformal Killing spinors nor
normal conformal Killing forms. Also, there is no further Einstein metric in the
conformal class cn beside the bi-invariant metric gn (cf. [Lei04a]).
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